CHARACTERISTIC VARIETIES AND CONSTRUCTIBLE 

SHEAVES 



ALEXANDRU DIMCA 

Abstract. We explore the relation between the positive dimensional irreducible 
components of the characteristic varieties of rank one local systems on a smooth 
surface and the associated (rational or irrational) pencils. Our study, which may 
viewed as a continuation of D. Arapura's paper Ij, yields new geometric insight 
into the translated components relating them to the multiplicities of curves in 
the associated pencil, in a close analogy to the compact situation treated by A. 
Beauville [4]. The new point of view is the key role played by the constructible 
sheaves naturally arising from local systems. 
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1. Introduction 

Let M be a smooth complex quasi-projective variety. The first characteristic 
varieties Vm{M) describe the jumping loci for the dimension of the first twisted 
cohomology groups H^{M,£), where £ is a rank one local system on M. These 
characteristic varieties, and their relative position inside the algebraic group T(M) = 
Hom(ifi(M), C*) parametrizing the rank one local system on M, play a key role in 
understanding the fundamental group 7ri(M), see [IS], fT^. 

Since we are interested here only in the first cohomology groups, we can replace M 
by a smooth quasi-projective surface, by taking a generic linear section and applying 
a general version of Zariski Theorem, see for instance [13], p. 25. Therefore, to help 
the reader's intuition, we will assume in this paper that dimM = 2, though the 
results and the proofs hold in any dimension. This is a very interesting setting, as 
the opening lines of Catanese's Introduction in [7] tell us: 
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"The study of fibrations of a smooth algebraic surface 5* over a smooth algebraic 
curve B lies at the heart of the classification theory and of the geometry of algebraic 
surfaces." 

The main aim of this paper is to study the translated components of the char- 
acteristic variety Vi(M). According to Arapura's results [T], such a component 
W = W{f,p) is described by a pair (/, p) where 

(a) / is a surjective morphism M ^ S, from the surface M to a smooth curve S, 
having a connected generic fiber F; 

(b) p G T(M) is a torsion character such that W is the translate by p of the subtorus 
r(T(^)), i.e. W = p-r{T{S)). 

Using the (Logarithmic) Isotropic Subspace Theorem, see Catanese |6j (in the 
compact case) and Bauer p] and Catanese |i7j, Thm. 2.11 in the quasi-projective 
case, one can determine in many cases the various possible morphisms / from certain 
maximal isotropic subspaces in H^{M), relative to the cup-product 

H\M) X H\M) H^{M). 

A similar approach is provided by the study of the resonance varieties, see |18] . 

In this paper we assume that the morphism / was already determined and concen- 
trate on the finite order character p above. Our results can be described briefly as 
follows. The characters p arising in (b) above for a given map / are parametrized by 
the Pontrjagin dual T(/) = Hom(T(/),C*) of a finite group T(/) defined in terms 
of the topology of the mapping /. This group depends only on the multiple fibers 
in the pencil associated to /, see Theorem 15.31 When x{S) < 0, any character in 
T(/) actually gives rise to a component, see Proposition 14.31 while for x(S') = (i.e. 
when S is an elliptic curve, case treated by Beauville |4j when M is proper, or when 
S = C*) one should discard the trivial character in T{f), see Corollary 15. 8[ More- 
over, for a generic local system C & W = W{f,p), the dimension dim H^{M,C) is 
expressed in terms of the Euler characteristic x{S) and the cardinality of the support 
of p, see Corollary 14. 7[ 

The case S" = C* is the most mysterious, and Suciu's example of such a com- 
ponent for the deleted i?3-arrangement given in ^j, [2S] played a key role in our 
understanding of this question. We consider this component in detail in Examples 
13.81 and 15.121 and the generalization given by the w4m-arrangements, discussed in [9] 
and [11], see Examples 15. 131 and 15. 141 below. 

Our results are exemplified all along this paper on two types of situations: 
Case A, when M is a curve arrangement complement in P^, and 
Case B, when M is a curve arrangement complement on a normal weighted homoge- 
neous surface singularity, case which includes the Seifert link complements discussed 
in Eisenbud and Neumann's book pU]. 

In fact, the reader interested only in Case A may refer to [U] for additional 
information. 
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In section 2 we collect some basic facts on regular mappings f : M ^ S and the 
associated pencils. Lemma 12.21 intends to clarify the key notion of admissible map 
used by Arapura in [1]. 

In section 3 we give the main definitions related to characteristic varieties. The- 
orem 13.61 collects some (more or less known) facts on the irreducible components of 
the characteristic varieties, which are derived by a careful reading of Arapura's paper 
[1]. The key topological property (ii) in Theorem 13. 6l was not explicitly stated before 
(in the proper case, a related property is used in [1]). In Corollary 14.61 we give a 
purely topological proof of this property. 

In section 4 we emphasize the key role played in this setting by the constructible 
sheaves obtained as direct images of local systems on M under the mapping f : M ^ 
S, see for instance Propositions 14.31 and 14.51 and Lemmas 14.21 and 14. 4[ In particular, 
for a local system C E W = W{f,p), the dimension dim if^(M,£) is expressed in 
terms of the Euler characteristic x{^) ^.nd the cardinality of the singular support 
S(jF) of the sheaf JF = f^Cp, see Corollary 14.71 

In the final section we associate to a map / : M ^ S* as above a finite abelian 
group T(/), such that the torsion character p is determined by a character p of 
T{f), see formula (15.71) . We compute this group T(/) in terms of the multiplicities 
of the special fibers of /, see Theorem 15.31 The group T(/) is intimately related 
to the orbifold fundamental group vr°'''''(/) of the map / (and even more so to the 
corresponding orbifold first homology group H°^'^{f) of /), see Corollary 15. 4[ 

In Theorem 15.71 we show that the character p G T(/) is trivial if and only if the 
associated constructible sheaf = f^{Cp) is a local system on S. 

We would like to thank Alexander Suciu for interesting and stimulating discus- 
sions on the subject of this paper, and for suggesting several improvements of the 
presentation. 

2. Generalities on pencils on a surface M 

Let M be a smooth compactification of a complex smooth quasi-projective surface 
M . Let / : M — *■ 5* be a regular mapping, where S* is a smooth curve. Then there is 
a minimal non-empty finite set A C M such that / has an extention f to U = M\A 
with values in the smooth projective model S of S. By blowing-up the points in A, 
we pass from M to a new compactification M of M such that / or / is the restriction 
of a regular morphism f : M ^ S . 

We call any of the morphisms /, / or / above a pencil of curves. Such a pencil is 
rational if the curve S (or, equivalently, S) is rational, and it is irrational otherwise. 
For any s G S", we denote by Cg the corresponding fiber in M (obtained by taking 
the closure of f'^{s)) or in M. The corresponding pencil will be denoted sometimes 
by C = (C,),,^. 

We recall the following sufficient condition to have a rational pencil. 

Proposition 2.1. If the surface M satisfies the condition WiH^{M,Q) = 0, where 
W is the weight filtration of the canonical mixed Hodge structure, and if f : M ^ S 
has a generic connected fiber, then S is a rational curve. Moreover, the condition 
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WiH^{M,Q) = holds if the surface M admits a smooth compactification M such 
that H\M,Q) = 0. 

To prove this result, we need the following. 

Lemma 2.2. Let X and S he smooth irreducible algebraic varieties, dim 5* = 1 
and let f : X S be a non- constant morphism. Then for any compactification 
f : X ^ S of f with X , S smooth, the following are equivalent. 

(i) The generic fiber F of f is connected. 

(a) The generic fiber F of f is connected. 

(Hi) All the fibers of f are connected. 

If these equivalent conditions hold, then /j : vri(X) 'n'i{S) and /j : vri(X) 
TTi{S) are surjective. 

Proof. Note that D = X\X is a proper subvariety (not necessarily a normal crossing 
divisor) with finitely many irreducible components Dm- For each such component 
Djn, either f{Dm) is a point, or / : Dm S is surjective. In this latter case, it 
follows that dim{F n Dm) < dim Dm < dimF. Since F is smooth of pure dimension, 
it follows that F is connected if and only if F = F \ Um(-Dm H F) is connected. To 
show that (ii) implies (Hi) it is enough to use the Stein factorization theorem, see for 
instance [22], p. 280, and the fact that a morphism between two smooth projective 
curves which is of degree one (i.e. generically injective) is in fact an isomorphism. 

To prove the last claim for /, note that there is a Zariski open and dense subset S' C 
S such that / induces a locally trivial topological fibration f : X' = f~^{S') S' 
with fiber type F. Since F is connected, we get an epimorphism /jj : vri(X') — > 7ri(S"). 
The inclusion of S' into S induces an epimorphism at the level of fundamental groups. 
Let j : X' ^ X he the inclusion. Then we have seen that foj induces an epimorphism 
at the level of fundamental groups. Therefore the same is true for /. The proof for 
/ is completely similar. 

□ 

Proof, (of Proposition l2.ip . From the surjectivity of /jj it follows that /* : H^{S, Q) — *■ 
H^{M,<Q) is injective. Since /* preserves the weight filtration W, it follows that 
WiH^{S, Q) = 0, i.e. 5 is a rational curve. 

If the surface M admits a smooth compactification j : M ^ M such that 
H^{M,Q) = 0, then WiH^{M,Q) = j*H\M,Q) = as explained for instance 
in [13], p.243. 

□ 

Example 2.3. The following classes of surfaces M satisfy WiH^{M, Q) = and will 

be used as test cases in the sequal. 

Case A: complements of plane curve arrangements, i.e. M = \ C where C is a 
plane curve, usually with several irreducible components. One can then take M = P^. 
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A more general situation is obtained by replacing by any smooth simply-connected 
surface M, e.g. M a smooth complete intersection in some projective space. 

Case B: complements of curve arrangements on a weighted homogeneous isolated 
complete intersection (X, 0) with dimX = 2, whose link S(X, 0) is a Q-homology 
sphere. Such a singularity can by represented by an affine complete intersection 
surface X defined by some weighted homogeneous equations with respect to some 
positive integer weights w= (wi, w„) 

/i(x) = ... = fn-2{.x) = 

in C". Moreover X is smooth away from the origin. Let g G C[xi, ...,Xn] be another 
weighted homogeneous polynomial with respect to the weights w and set C = ^^"^(O), 
M = X\C. Since the link of (X, 0) is a Q-homology sphere, one has H^{X \ 0, Q) = 
H'^{X \ 0, Q) = 0. Note that each irreducible component Cj of C is a rational curve, 
since C* = Cj\0 is exactly a C*-orbit of the C*-action on C" associated to the given 
weights. Moreover, this shows that C* is smooth. Let Ci, ...,Cr be the set of these 
components. The Gysin exact sequence 

= H\X\0,Q)^ H\M, Q) ^ ®j=i,rH\q, Q)(-l) ^ //^(X \ 0, Q) = 

shows that H^{M, Q) is pure of type (1, 1), in particular one has WiH^{M, Q) = 0. 
Moreover it gives bi{M) = r. 

The following explicit description of rational pencils is recalled for the reader's 
convenience. 

Proposition 2.4. Let U be a smooth surface. 

If f : U ^ is a morphism, then L = f*0{l) is a line bundle on U , generated by 
the two global sections Si = f*{yi), with yi,y2 a system of homogeneous coordinates 
on 

Conversely, if L is a line bundle on U, generated by two global sections Sj for 
i = 1,2, then there is a morphism f : U — > P-*^ such that L = f*0{l) and Sj = f*{yi), 
with yi,y2 a system of homogeneous coordinates on P^. 

Proof. It is well known, see for instance [22], P- 150, that a morphism f : U ^ P^ 
is given by a line bundle C G Pic{U) and two sections Si, S2 G r(f/, C) which do not 
vanish both at any point in U. In fact C = and Sj = f*{yi), with yi,y2 a 

system of homogeneous coordinates on P^. With this notation, one has f{x) = [a : b] 
where [a : 6] G P"*^ is such that as2{x) — bsi{x) = 0. 

□ 

Remark 2.5. Since U is smooth, we have Pic{U) = Ci{U) and similarly Pic{M) = 
Ci{M), see for instance P- 145. On the other hand, the inclusion j : U ^ M 
induces an isomorphism j* : Ci{M) Ci{U), as codimA = 2, see |22], p. 133. 
It follows that j* : Pic{M) Pic{U) is also an isomorphism, i.e. any line bundle 
L G Pic{U) is the restriction to [/ of a line bundle L on M. When M = P^, then L 
has the form 0{D) and the global sections of L are nothing else but the restrictions 
of global sections of the line bundle L = 0{D), which are the degree D homogeneous 
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polynomials. In general, the two sections Si have natural extensions to M, and 
we may consider the divisors Cj : Sj = on M and the associated rational pencil 
Cf : aiSi + a2S2 of curves on M. 

We regard in the sequel the difference C = M \ M as a (reduced) curve and let 
C = Uj=i,rCj, be the decomposition of C into irreducible components. 

Proposition 2.6. Let B C S be a finite set and denote by S the complement S\B. 
For any surjective morphism f : M S and any compactification M of M as above, 
any irreducible component Cj of C is in one of the following cases. 

(1) Cj is contained in a curve Cb in the pencil C, corresponding to a point b G B; 

(2) Cj is strictly contained in a curve Cg in the pencil C, corresponding to a point 
s G S; 

(3) Cj is a horizontal component, i.e. Cj intersects the generic fiber Ct of the 
pencil C outside the base locus. 

Moreover, if \B\ > 1, then Cj is in the first case above if and only if the homology 
class 7j of a small loop around Cj satisfies Hi{f){^j) ^ in Hi{S, Z). 

Proof. Let Cj be an irreducible component of C. Then either f{Cj) is a point, which 
leads to the first two cases, or f{Cj) is dense in 5*, which leads to the last case. The 
strict inclusion in the second case comes from the surjectivity of /. 

The last claim is obvious, using the Mayer- Vietoris exact sequence of the covering 
S = SUD, where D is the union of small closed discs on S centered at the points in B. 
For instance, in the first case, if Sf, is a small loop at b, then one has Hi (/) (7^) = mj-6f,, 
with rrij > the multiplicity of the curve Cj in the divisor f'~^{b) (if the orientations 
of the loops 7j and 6^ are properly chosen). See also equation (13.11) below. 

□ 

Definition 2.7. In the setting of Proposition l2.6l we say that the curve arrangement 
C is minimal with respect to the surjective mapping / : M — >■ if any component 
Cj of C is of type (1), i.e. Cj is contained in a curve Cb in the pencil C, corresponding 
to a point b E B. We say that the curve arrangement C is special with respect to 
the surjective mapping / : M — > if some component Cj of C is of type (2), i.e. Cj 
is strictly contained in a curve Cg in the pencil C, corresponding to a point s G 5. 

Remark 2.8. If \B\ > 1, then the base locus A of the pencil C on the surface M is 
just the intersection of any two distinct fibers Cb fl Cb' for b, b' distinct points in B. 
Note also that the second case (2) above cannot occur if all the fibers Cg for s G 5* 
are irreducible. The fibers Cg may be non-reduced, i.e. we consider them usually as 
divisors. Saying that Cj is contained in Cg means that Cg = rrijCj + with rrij > 0. 

3. Local systems and characteristic varieties 

3.1. Local systems on S. We return to the notation S = S\B, with B = {61, b^} 
a finite set of cardinality |-B| = A; > 0. Let g = g{S) he the genus of the curve S and 
denote by 61, ...,62g the usual Z-basis of the first integral homology group Hi{S). 
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If 62g+i denotes an elementary loop based at some base point bi G B and turning 
once around the point bi, then using the usual choices, the first integral homology 
group of S is given by 

(3.1) Hi{S) = Z<6i, 62g+k > / < S2g+1 + ... + S2g+k > ■ 

Therefore, for k > 0, the rank one local systems on S are parametrized by the 
{2g + k — l)-dimensional algebraic torus T{S) = Hom(ifi(S'), C*) given by 

(3.2) T{S) = {\= (Ai, \2g+k) e (C*)2^+'= I \2g+l ■ ■ ■ X2g+k = 1}. 

Here \j G C* is the monodromy along the loop 5j. When A; = 0, one has 

(3.3) T{S) = Hom(i7i(5), C*) = {A = (Ai, \2g) G (C*)^^ = i^*?' ■ 

Note that in both cases dim ¥(5) = bi{S). For A G T{S), we denote by Cx the 
corresponding rank one local system on S. 

The twisted cohomology groups H"^{S,Cx) are easy to compute. There are two 
cases. 

Case 1 {Cx = C5). Then we get the usual cohomology groups of S, namely for A; > 
we have dimH'^{S, Cx) = 1, dimH\S, Cx) = 2g+k-l and H^'iS, Cx) = for m > 2. 
And for = we have dim H%S, Cx) = dim H\S, Cx) = 1, dim H\S, Cx) = 2g and 
H'^iSXx) = for m > 3. 

Case 2 {Cx nontrivial). This case corresponds to the case when at least one mon- 
odromy Xj is not 1. In such a situation one has 2g + k > 2. Then we have 

(3.4) dim H\S, Cx) = 2g + k -2 = -x{S) 

and H"'{S,Cx) = for m 7^ 1. Indeed, one has obviously dim H'^{S, Cx) = in 
this case. The vanishing of H'^{S,Cx) follows by duality if k = 0, and since S is 
homotopically a bouquet of circles when A; > 0. 

3.2. Local systems on M. The rank one local systems on M are parametrized by 
the algebraic group 

(3.5) T(M) = Hom(i7i(M), C*) 

which an extension of the algebraic torus (C*)^^*-^^^ by the finite group TorsHi{M). 
This group can be described explicitely as soon as we know Hi{M). 
Case A: complements of plane curve arrangements, i.e. M = \ C where C is a 
plane curve, with irreducible components Cj for j = 1, ...,r, degCj = dj. Let 7^ be 
an elementary loop around the irreducible component Cj, for j = 1, r. Then it is 
known, see for instance |13], p. 102, that 

(3.6) Hi{M) = Z < 7i,...,7r > / < rfi7i + ... + 47r > 

where dj is the degree of the component Cj. It follows that the rank one local systems 
on M are parametrized by the algebraic group 



(3.7) T(M) = Hom(i7i(M),C*) = {p = (pi, ...,p,) G (C*)^' | pf ■ ■ - p^ = 1}. 
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The connected component T°(M) of the unit element 1 G T(M) is the (r — 1)- 
dimensional torus given by 

(3.8) T°(M) = {p= (pi, p.) G (C*)'^ I pr ■■■p7 = ^} 
with D = G.C.D.{di, ...,dr) and = dj/D for j = l,...,r. 

Remark 3.3. If di = 1, then {72, ...,7r} is a basis for Hi{M) and the torus T(M) 
can be identified to (C*)^~^ under the projection p t— > (p2, ...,Pr)- 

Case B: complements of curve arrangements on a weighted homogeneous isolated 
complete intersection {X,0) with dimX = 2, whose link S(X, 0) is a Z-homology 
sphere. Using the notation from Example 12.31 we see that Hi{M) = TL < 71, 7^ >, 
where 7^ is an elementary loop around the irreducible component Cj, for j = 1, r. 
It follows that 

(3.9) T(M) = Hom(ifi(M), C*) = (C*)". 

The computation of the twisted cohomology groups H'^{M, Cp) is one of the major 
problems. A simple situation is described in the following. 

Example 3.4. If Cp = Cm and we are in one of the two cases above, this computation 
can be done as follows. 

Case A. The result depends on the local singularities of the plane curve C. In 
fact dimi/°(M,C) = 1, dimH\M,C) = r - 1 and H'"'{M,C) = for m > 3. 
To determine the remaining Betti number 62 (M) = dimH'^{M,C) is the same as 
determining the Euler characteristic x(^) = 3 — x{C) and this can be done, e.g. by 
using the formula for xiC) given in [13], p. 162. 

Case B. Here one has dim H^{M, C) = 1, dimH\M,C) = r, dim H"^ (MX) = r-1 
and H^{M,C) = for m > 3. To see this, note that M is an affine open subset 
in X (which yields H''^{M, C) = for m > 3), and there is a C*-action on M with 
finite isotropy groups (which yields x{M) = 0). 

To study these cohomology groups H'^{M, Cp) in general, one idea is to study the 
characteristic varieties 

(3.10) V„(M) = {p e T(M) I dim H\M,Cp) > m}. 

3.5. Arapura's results. We recall here some of the main results from [T], applied 
to the rank one local systems on M, with some additions from ^23j, [I8l and some 
new consequences. 

Theorem 3.6. Let W be an irreducible component 0/ Vi(M) and assume that dw '■ = 
dimW > 1. Then there is a surjective morphism fy/ : M —>■ Sw onto a smooth curve 
Sw, with a connected generic fiber F{fw) , and a torsion character G T(M) such 
that 

More precisely, the following hold. 

(i) Sw = Sw \ Bwj with Bw a finite set satisfying dw = "^giSw) + kw — 1 = 
—x{Sw) + 1 if kw '■= \Bw\ > 0. If Bw = 0, then dw = '2g{Sw) = —xi^w) + 2. 
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(a) For any local system C G W , the restriction of C to the generic fiber 

of fw is trivial, i.e. C\F{fw) = '^F{fw)- 

(Hi) If Nw is the order of the character pw, then there is a commutative diagram 



M'—^M 



fvu 



S'w ^ S] 



fw 



w ^ ^VK 

where p is a unramified Nw-cyclic Galois covering , q is possibly ramified Nw-cyclic 
Galois covering, fly is fip^^-equivariant in the obvious sense, has a generic fiber 
F{fly) isomorphic to the generic fiber Fi^fw) of fw, and p* pw is trivial. Here p^w 
denotes the cyclic group of the Nw-th roots of unity. 

(iv) If 1 & W and C G W, then (\\mH^{M,C) > —xi^w) o^nd equality holds with 
finitely many exceptions. 

(v) If I E W , then dw > 2 for kw > and dw > 4 for kw = 0. 

(vi) If 1 ^ W and either dw = 2 and Sw is not an elliptic curve, or dw > 2, then 
the subtorus W = f^{T{Sw)) is another irreducible component o/Vi(M). 

Proof. The first claim is just Thm. 1.6 in p], section V. 

To prove the claim (i) note that dw = dimW = dimT{Sw) = bi{Sw)- 
For the claim (vi), consider now the situation 1 ^ W. Note that xi^w) > if and 
only if either g{Sw) = and kw < 2 or g{Sw) = 1 and kw = 0. The first possibility 
(which contains the trivial cases Sw = Sw = C and the interesting case C*) is 
excluded, since then dimly = dimT{Sw) < 1- The second case corresponds to Sw 
being an elliptic curve E, and can be excluded as above if we assume dw > 2. The 
corresponding translated components in this case (assuming M proper) are described 
in [1]. A uniform treatment of the translated components in the only two interesting 
cases C* and E is given below in Corollary 15. 8[ 

With the exception of these special cases, it follows that xi^w) < and W = 
fwC^iSw)) is another irreducible component of Vi(M) by Prop. 1.7 in pj. 

Now we prove the claim (ii). Since W = pw ® fwC^iSw)), it is enough to prove 
the claim for £i = Since pw is a torsion character, it follows that £i is a 

unitary local system. Let M be a good compactification of M obtained by adding 
the normal crossing divisor D to M. Let (Li, Vi) be the integrable fiat connection 
on M corresponding to the local system Ci and let (Li, Vi) be the Deligne extension 
of the connection (Li, Vi) to M with residues having the real parts in [0, 1). Then 
there is a Hodge to de Rham spectral sequence 

El'' = H''(M,nP^{logD)(g)L,) =^ H^+\M,Ci). 

Since by hypothesis H^{M,Ci) ^ 0, it follows that either £'2'° 7^ 0, or .E^'^ 7^ 0. In 
the first case, we are exactly in the situation of Prop. 1.3 in section V, [Ij and our 
claim (ii) is proved in the final part of the proof. Just note that on the last line of this 
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proof, one should replace "which forces V'lF to be trivial" by "which forces tpKFdX) 
to be trivial". (This is due to the fact that F in pQ denotes the compactification 
of our affine fiber F = F{fw), and X in p?j corresponds to our M.) If we are in 
the latter case, then one can show that C^^ leads to the first case, exactly as in the 
second part of the proof of Prop. 1.4 in section V, pLj. Since the claim (ii) for Ci 
is equivalent to the claim (ii) for C]^^, we are done. The property (ii) corresponds 
to Prop. 1.2 in Beauville's paper [Jj. As noted there, it is the same thing to ask 
triviality for the restriction to one generic fiber of fw or to all generic fibers of fw- 
See Corollary 14.61 below for a direct topological proof of the property (ii). 

The claim (iii) is just the "untwisting" part of the proof of Thm. 1.6 in [T]. The 
existence of the diagram is explained there via the Stein factorization for fw o p. 
However, the fact that the morphism q has degree Nw depends on the previous 
claim (ii), and this key point is not mentioned in [Ij. 

The proof of the claim (iv) is more technical. Using the Projection Formula 

(3.11) p,{Cm')®Cc^p,{p*{C)) 

for C G W, see for instance [H], p. 42 and then the Leray Spectral Sequence for p, 
see for instance [H], p. 33, one gets an isomorphism of /iAr^y-representations 

(3.12) H\M',p*C) = H\M,p,{Cm') ® C). 

Following the argument in the proof of Thm. 1.6 in [T], we get the following 

dimH\M,C) > -x{Sw). 

The only point which deserves some attention is the fact that Sw and Sw do not 
admit finite triangulations as claimed in pj, since they are not compact. However, we 
can replace them by finite simplicial complexes without changing the homotopy type, 
e.g. Sw can be replaced by the compact Riemann surface with boundary obtained 
from by deleting small open discs centered at the points in Bw- 

The fact that there are only finitely many local systems C & W such that 

dim H\M,C) > -x{Sw) 

follows by an argument similar to the end of the proof of Prop. 1.7 in [I], sec- 
tion V. For a different approach and a generalization to translated components, see 
Corollaries 14.71 and 15.91 below. 

Finally, the claim (v) follows directly from (iv). 

□ 

Remark 3.7. Conversely, if / : M — >^ S* is a morphism with a generic connected fiber 
and with x(S') < 0, then Wf = f*(T{S)) is an irreducible component in Vi(M) such 
that 1 G Wf and dim W/ > 2, see [1], Section V, Prop. 1.7. Some basic situations of 
this general construction of irreducible components Wj are the following. 

Case A. 
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(i) The local components, see for instance ^27j, subsection (2.3) in the case of line 
arrangements. The case of curve arrangements in runs as follows. Let p e be 
a point such that there is a degree dp and an integer kp > 2 such that 

(1) the set Ap = {j \ p E Cj and degCj = dp} has cardinahty kp] 

(2) dim < fj \ j E Ap >= 2, with fj = being an equation for Cj. 

If {P, Q} is a basis of this 2-dimensional vector space, then the associated pencil 
induces a map 

fp-.M^Sp 

where Sp is obtained from P^ by deleting the kp points corresponding to the curves 
Cj, for j G Ap. In this way, the point p produces an irreducible component in Vi(M), 
namely 

Wp = f;{nsp)) 

of dimension kp — 1, and which is called local because it depends only on the chosen 
point p. Note that in the case of line arrangements p can be chosen to be any point 
of multiplicity at least 3. 

(ii) The components associated to neighborly partitions, see [21], corresponds exactly 
to pencils associated to the line arrangement, as remarked in [2T], see the proof of 
Theorem 2.4 

Case B. Let {X,0) C (€",0) be as in Example 12. 3[ Let gi and g2 be two weighted 
homogeneous polynomials of degree d with respect to the weights w such that 

xn{gi = o}n {g2 = 0} = 0. 

Define g : X \ hj x ^ (fi'i(^) • g2{x))- Note that g is constant on the 

corresponding C*-orbits. Assume that the generic fiber of g is connected, i.e. it 
coincides to an orbit. Let i? C P^ be a finite subset such that k = \B\ > 2 and 
Cb = g~^{h) is connected for any b E B. Then if we set S' = P^ \ 5, C = Ub^BCb and 
M = (X \ 0) \ C, we have H^iM) = Z^ T(M) = (C*)^ T(5) = [C*)''-^ and the 
subtorus W = g*{T{S)) is a (A; — l)-dimensional irreducible component of Vi(M). 

All these points in Case A. are illustrated by the following beautiful example. 

Example 3.8. This is a key example discovered by A. Suciu, see Example 4.1 in [27] 
and Example 10.6 in [28j. Consider the line arrangement in P^ given by the equation 

xyz{x — y){x — z){y — z){x — y — z){x — y + z) = 0. 

We number the lines of the associated affine arrangement in (obtained by 
setting z = 1) as follows: Li : x = 0, L2 : x — 1 = 0, L3 : ?/ = 0, L4 : |/ — 1 = 0, 
: X — y — 1 = Q , Lq : X — y = Q and Lj : x — y + 1 = see the pictures in Example 
4.1 in [27] and Example 10.6 in [28]. We consider also the line at infinity Lg : z = 0. 
As stated in Example 4.1 in [27], there are 

(i) Seven local components: six of dimension 2, corresponding to the triple points, 
and one of dimension 3, for the quadruple point. 

(ii) Five components of dimension 2, passing through 1, coming from the following 
neighborly partitions (of braid subarrangements): (15|26|38), (28|36|45), (14|23|68), 
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(16|27|48) and (18|37|46). For instance, the pencil corresponding to the first partition 
is given by P = LiL^ = x{x — y — z) and Q = L2LQ = {x — z){x — y). Note that 
LsLs = yz = Q — P, is a. decomposable fiber in this pencil. 

(iii) Finally, there is a 1-dimensional component W in Vi(M) with 

Pw = (1, -1, -1, 1, 1, -1, 1, -1) e T(M) c (C*f 

and fw : M — > C* given by 

x{y - z){x - y - z)^ 

fw{x ■■y:z) = — ^ 

[x — z)y[x — y + zy 

or, in affine coordinates 

f^i^^ ^ x{y - - y - If 
{x — l)y{x — y + ly 

Then W C Vi(M) and W fl V2(M) consists of two characters, pw above and 

pV = (-1,1,1,-1,1,-1,1,-1). 

Note that this component is a translated coordinate component. This is related 
to the fact that the associated pencil is special. For more on this arrangement see 
Example 15.121 

4. Translated components and constructible sheaves 

We need the following version of the projection formula, which is used very often, 
e.g. [1], [23], but for which I was not able to find a reference. 

Lemma 4.1. For any local system Ci on M and any local system £2 on S, one has 

Proof. To prove this Lemma, we start with the usual projection formula, i.e. with 
the above notation 

(4.1) {RflC^) ® £2 = RfiiCi ® f''C2) 

see Thm. 2.3.29, p. 42 in [Tl|. Let Z he a connected smooth complex algebraic variety 
of dimension m. Then the dualizing sheaf uz is just C^pm] and DzC = £^[2m] 
for any local system C on Z, see Example 3.3.8, p. 69 in [14J. Note also that for two 
bounded constructible complexes A* and B* in D'^lZ, C) we have the isomorphisms 

(4.2) DzA* ®B* = RHom{A*, ujz) ®B* = RHom{A*, ujz ® B*) = 

= RHom{A\B*)[2m\. 

It follows that 

(4.3) Dz{A* ® B*) = RHom{A* ® B*, uz) = RHom{A\ RHom{B\ uz)) = 

= DzA* ®DzB*[-2m]. 

For the second isomorphism here we refer to Prop. 10.23, p. 175 in [S]. Apply now 
the duality functor -D5 to the projection formula fl4.ip . In the left hand side we 
get Ds{{Rf^Ci) ® £2) = Ds{Rf^Ci) ® Ds{C2)[-2] = Rf,{DMCi) ® Ds{C2)[-2\ = 
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Rf^{Ci ) (8) -^^2 [4]- Except the isomorphisms explained above we have used here the 
isomorphism DsRfi = RJ^^Dm, see Cor. 4.1.17, p. 90 in [13]. Similarly, the in the 
right hand side we get DsRf\{Ci ® f~^C2) = Rf,DM{Ci ® f-^C2) = Rf*{Ci ® 
(/~"'^£2)^)[4]. Since (/~^£2)^ = / ^-^2) since any local system is the dual of its 
own dual, the proof is completed. 

□ 

Note that = R^f^[Ci) is in general no longer a local system on but a con- 
structihle sheaf. By definition, it exists a minimal finite set E = S(jF) c S", called 
the singular support of JF, such that JF|(S'\ S) is a local system, see jl^, p. 87. The 
main properties of this sheaf are given in the following result. 

Lemma 4.2. Let L\ he a rank one local system on M, F the generic fiber of f : 
M ^ S and set T = R^ f^,{Ci). Then either 

(i) the restriction Ci\F is trivial, J^\{S \ S) is a rank one local system and = if 
and only if s eT^, or 

(a) the restriction Ci\F is non-trivial and J-" = 0. 

Proof. Consider first the case (i). If S" C 5 is a Zariski open subset such that the 
restriction /' : M' — > S' with M' = f'^{S'), is a topologically locally trivial fibration, 
it follows that JF|S" is a rank 1 local system. Indeed, for s G S" we have 

J^, = limJ^{D) = \imH%f-\D),Ci) = C. 

Here the limit is taken over all the sufficiently small open discs D in S centered at s, 
and the last equality comes from the fact that the inclusion Fs = f~^{D) 
is a homotopy equivalence and ^ilF^ = Cj?^ (recall that Fg is connected, and hence 
f~^{D) is connected as well). In particular E C S\S', and hence S = if / iM—^-S" 
is a locally trivial fibration. The above argument shows also that JF, = if and only 
if s G S. 

In the case (ii), assume that J-'s ^ for some s G S*. Then there is a small open 
discs D in S centered at s such that H^{f~^{D), Ci) 7^ 0. This implies that the 
restriction Ci\f^^{D) is trivial, and hence Ci\F is trivial as well, a contradiction. 

□ 

We have the following key result. 

Proposition 4.3. Let f : M ^ S be a surjective morphism with a generic connected 
fiber F from the surface M onto the curve S . Then for any local system Ci on M 
and any local system C2 on S, one has the following exact sequence 

^ H\S, R'^f.iCi) ® £2) ^ H\M, Ci ® f-'C2) ^ H\S, R^ f,{Ci) ® A). 

The last morphism is surjective in any of the following situations: 

(i) S is affine; 

(ii) Ci\F is non-trivial; 

(Hi) Ci\F is trivial and L2 is generic, i.e. it is different from a finite set of local 
systems depending on f and Ci . 
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Proof. We use the Leray spectral sequence 

converging to Hp^'^{M, C\ ® j^^L2). By Lemma [4.11 we have 

In particular, the above spectral sequence yields the following exact sequence 

^ H\S, R^'MCi) ® £2) ^ H\M, Ci ® f-'C2) ^2'' ^ 

where i^2'^ is the kernel of the differential -^2'^ — > -^2'°- 

When S is affine, this spectral sequence degenerates at E2 since i^f'^ = for 
p ^ {0,1} by Artin Theorem, see Thm. 4.1.26, p. 95 in [H], and this proves the 
claim (i). 

In the case (ii) one has E^'^ = H'^{S, Ry^{Ci) ® £2) = since J" = R^f^{Ci) = 0. 
For the case (iii), we use the exact sequence of cohomology with compact supports 

= ^ ® C2) HliU, ^ ® £2) ^ H^{S, ^ ® £2) ^ ^'(S, ^ ® £2) = 

where U = S\T, (note that S can be assumed to be compact, since otherwise we are 
in the affine case (i)), see for instance [H], p. 46. Now T\U = Cq is a rank one local 
system, and we can use duality to get 

HliU, Co ® JC2) = H\U, (g) C^y. 

These cohomology groups are clearly trivial for C2\U ^ Cq^. Since the restriction 
C.2\U determines the local system C21 this means that there is at most one local 
system £2 for which E^'^ ^ 0. 

□ 

To continue we need the following. 

Lemma 4.4. The constructible sheaf Q = R^f^:{CM) has no section with finite sup- 
port. 

Proof. This proof is given in D. Arapura fT], Proposition 1.7, but we repeat it here 
for the reader's convenience, and for clarifying some points in Arapura's proof. Let 
D be a small disc in 5* centered at a bifurcation point b & S , let D* = D \ {p} and 
choose a point q e D*. Set = f'\D), M*^ = f'\D*) and Mg = f-\q). The 
claim is equivalent to showing that the morphism 

tl:H\MD,C)^H\M„C) 

induced by the inclusion ig : Mg Mr, is injective. Indeed, one has natural iden- 
tifications Qb = H^{Md,C) and Qg = H^{Mg,C) and i* corresponds to the corre- 
sponding restriction morphism Qb ^ Qq- The open inclusion jb : ~^ induces 
clearly a surjective morphism Hi{M^) — > Hi{Mr)), and hence an injective morphism 
jt:H^iMD,C)^H\M!„C). 
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Now, if the disc D was chosen small enough, the restriction of / over D* is a locally 
trivial fibration with fiber type Mg and hence we get the following exact sequence 
(which is dual to an exact sequence similar to (15.21) ). 

(4.4) ^ H\D*, C) ^ H\M*ij, C) ^ H\Mg, C) 

where ig : Mg ^ is the inclusion. It follows that i* : H^iMo, C) H^{Mg, C) 

is injective if and only if / = im(j*) n im{H^{D*X) H\M^,C)} = 0. Since 
/ : M — i> S" is surjective, it follows that H = f~^{b) is a hypersurface in M. Let 
p be a smooth point on the associated reduced hypersurface. It follows that there 
is an analytic curve germ : (C, 0) — * {M,p) such that f{(j){t)) has some order 
c/ > 1, where d is the multiplicity of H at p. Note that in D. Arapura's proof [T], the 
multiplicity d is suppose to be 1, which is not always the case. 

Let a G /. Since a G iui{H^{D*,C) H^{M^,C)}, it follows that there is a 
(3 G Rom{Hi{D*),C) = H^{D*,C) such that a = (3 o f^. The germ induces a 
morphism 0* : Hi{D*) — > Hi{M^) such that is the multiplication by d on the 

group Hi{D*) = Z. It follows that a o cj)^ = d ■ (3. 

On the other hand, since a G im(j^), there is a' G Hom(ifi(M£)), C) such that 
cr = cr' o jft^. It follows that cr o 0^ = a' o jj,^ o 0^ is trivial, since j}, o has an obvious 
extension from the punctured disc D* to the disc D. In conclusion, cr = 0, and 
then / = 0, proving our claim. 

□ 

The result of the above Lemma can be generalized as follows. 

Proposition 4.5. Let f : M —>■ S be a surjective morphism with dimS* = 1 and a 
connected generic fiber F . If C is a rank one local system on M, then the constructible 
sheaf Q = R^f^{C) has no section with finite support. Equivalently, 

H\s,g®C2) = o 

for all but finitely many local systems C2 G ¥(5*). 

Proof. First we check that the two last claims are equivalent. Locally, the two sheaves 
Q and Q ® C2 coincide, so they admit in the same time non-zero sections with finite 
support. If this is the case, then clearly 

for any local system £2- Suppose now that there are no such sections with finite 
support. Let S' := S(^) = S(^ ® C2) and note that in this case the restriction 

H\s, g®C2)^ H\s \T.\g® C2) 

is injective. Since S* \ S' is homotopically a bouquet of circles (or a compact curve if 
5* is compact and S' = 0), the last group is non-zero exactly when the monodromy 
of £2 along any of the loops forming a basis for the integral homology of S is the 
inverse of one of the eigenvalues of the monodromy of the local system ^1(5 \ S') 
along this loop, i.e. for a finite number of local systems £,2- 
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With the notation from the proof of Lemma we have to prove that the restric- 
tion morphism 

i*^:H\Md,C)^ H\M,,C\M,) 

is injective. 

The open inclusion jf, : Mo induces clearly an epimorphism 7ri(M^) 

7ri(M£)), and hence an injective morphism H : H^{Md, jC) —>■ H^{M^, C). This claim 
follows for instance by using the description of the first twisted cohomology groups 
(M, C) in terms of cross- homomorphisms, see [25J . 

Case 1 (the restriction C\F is the trivial local system Cp). 

To study the local system C = £|M^, note that it corresponds to a character 

p:7ri(M2,)^C*. 

The exact sequence 

1 ^ 7ri(A/,) ^ 7ri(M^) ^ 7i,{D*) ^ 1 

and the triviality of C\Mq (note that Mq is a generic fiber of /) imply that C = 
f*{Ca), where Ca is the rank one local system on D* with monodromy a G C*. For 
this class of local systems we have a long exact sequence in cohomology 

(4.5) H\Mq, C) " H\Mq, C) H\M*o, C) ^ H\Mq, C) 

see |T3j, p. 212. Here /i™ are the monodromy operators of the fibration Mq — > 
D* and clearly /t° = Id since the fiber Mq is connected. 

If a = 1, then locally at the bifurcation point b E S we have exactly the same 
situation as in Lemma 14. 4^ hence the result is already proven. 

If a ^ 1, then the morphism H^{MqX) ^ H°{Mq,C) 

is an isomorphism, 

which yields an injection H^{M'^, C) H^{Mq,C). This gives the result in this 
case, since the composition of two injections is an injection. 

Case 2 ( the restriction C\F is a non-trivial local system). 

In this case R^f^C = and the Leray spectral sequence of the fibration Mq —>■ 
M|) —>■ D* yields an isomorphism 

Since H^{D*,R^f^C) is just the invariant part of H^{Mq, C\Mq) under the mon- 
odromy of the local system R^f^C on D* , this gives rise to a natural injection 

H\M*j,,C)^H\Mq,C\Mq) 

which completes the proof in this case as well. 

□ 

The following corollary of the exact sequence in Proposition 14.31 and of Proposition 
14.51 gives also a new, topological proof for the claim in Theorem 13.61 (ii). 
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Corollary 4.6. Let f : M S be a surjective morphism with a generic connected 
fiber F from the surface M onto the curve S with bi{S) > 0. Then for any local 
system Ci on M such that Ci\F is non-trivial, and for any generic local system 
C2 e T{S), one has H\M, Ci ® ^(A)) = 0. 

As a consequence of Proposition 14.31 we get the following extension of Theorem 
I3.6l (iv). (This special case corresponds to the case Cp = Cm, when f^{Cp) = Cs 
and hence S = 0. For an illustration of the general case, see Example 15 ■141) . 

Corollary 4.7. If Cp is a rank one local system on M such that Cp\F is trivial, then 

dimH\M,Cp®f-'C) > -xiS) + 

with equality for all but finitely many local systems C G ¥(5*). In particular, if 
Wf^p = p ® f*{T{S)) is a positive dimensional irreducible component of Vi{M), 
then Wf^p is an irreducible component ofVq{M), for any 1 < q < q{f,p) '■= ~x{S) + 
Conversely, any positive dimensional irreducible component ofVq{M) 
for q > 1 is of this type. 

Proof. To estimate dimH^{S,J-' ® £2) we compute 

X{S,J^^C2) = dim H\S, ® C2) - dim H\S,T ® C2) = \ S) 
using Thm. 4.1.22, p.93 in [14J. This yields 

(4.6) dim H\S,J^ ^£2) = dimH\S,J^®C2)-x{S) + |S| > -x{S). 

In the case Ci = Cp such that Ci\F is trivial. Proposition 14.31 yields 

H\M, Ci ® f-'C2) = H\S, R^'f.iCi) ® C2) 

for all but finitely many local systems C2 G ¥(5). Similarly, the description of S 
given above shows that the group H'^{S, J^®C2) is zero unless S = and C2 = (^)^^- 
The only thing to explain is the last claim in the case g > 1. Assume that 
Wg is a positive dimensional irreducible component of Vq{M) for g > 1. Since 
Vg(M) C Vi(M), there is an irreducible component W of Vi(M) such that Wg C W. 
Then the first claim in Corollary 14.71 implies that W C Vg{M), i.e. Wg = W. 

□ 

5. TRANSLATED COMPONENTS AND MULTIPLE FIBERS 

Let W he a. translated irreducible component of Vi(M), i.e. 1 ^ W. Then, as 
in Theorem 13. 6^ there is a torsion character p G T(M) and a surjective morphism 
f : M ^ S with connected generic fiber F such that 

(5.1) W = pnT{S)) 

We say in this situation that the component W is associated to the mapping /. In 
this section we give detailed information on the torsion character p G T(M) in terms 
of the geometry of the associated mapping f : M ^ S. 
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5.1. The general setting. Let F be the generic fiber of the mapping f : M ^ S, 
i.e. F is the fiber of the topologically locally trivial fibration /' : M' — >■ S' associated 
to / as in the previous section. Then, we have an exact sequence 

(5.2) Hi{F) ^ Hi{M') ^ Hi{S') 
as well as a sequence 

(5.3) Hi{F) ^ Hi{M) ^ Hi{S) ^ 
which is not necessarily exact in the middle, i.e. the group 

is in general non-trivial. Here i : F —>■ M and i' : F —>■ M' denote the inclusions, 
and homology is taken with Z-coefficients if not stated otherwise. 

This group was studied in a compact (proper) setting by Serrano, see |26j, but 
no relation to local systems was considered there. On the other hand, this compact 
situation was also studied by A. Beauville in [3], with essentially the same aims as 
ours. 

The sequence (15. 3 p induces an obvious exact sequence 



(5.5) -> Tif) ^ ^'^^^ ^ H^iS) ^ 0. 

imz* 

Since Hi{S) is a free Z-module, applying the fuctor Hom(— , C*) to the exact sequence 
(15. 5p . we get a new exact sequence 

(5.6) 1 T{S) T{M)f Hom(T(/), C*) ^ 1. 

Here T{M)p is the subgroup in T(M) formed by all character x '■ Hi{M) C* such 
that = 0- This means exactly that the associated local system by restriction 
to F yields the trivial local system Cp. 

The torsion character p G T(M) which occurs in 15.11 is in this subgroup T{M)p, 
see Theorem 13.61 (ii). Moreover, this character p is not unique, but its class 

(5.7) pe^^^^Rom{T{f)X*) 

is uniquely determined. From now on, we will regard p G Hom(T(/), C*). Hence, to 
understand the possible choices for p, we have to study the group T(/). 

5.2. The computation of the group T{f). Let / : M ^ 5* be a surjective 
morphism with a generic connected fiber F as above. Let C{f) C 5* be a finite, 
minimal subset such that if we put S' = S \C{f), M' = /~^(S"), then the induced 
mapping / : M' — > S" is a locally trivial fibration. For c G C(/) we denote by rric the 
multiplicity of the divisor Fc = f~^{c). We have the following result, where the first 
claim is already in [1], see the remarks after Proposition 1.19, and in Serrano, see 
However, this second author wrongly claims that the isomorphism in (i) holds 
for the case (ii) as well. The mistake in [26j is in the proof of Thm. 1.3, Claim 1, 
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where the relation between the 7p's is incorrect. In the proof below, these 1-cycles 
7p's are denoted by 5c and the correct relation is A = 0. 

Theorem 5.3. 

(i) If the curve S is proper, then 

T(/) = (©c6C{/)Z/meZ)/(i,...,i). 

(a) If the curve S is not proper, then 

T{f) = ®cecif)^/mcl'. 

Proof. The main ingredient to prove this theorem is Lemma 3 in |8], which yields 
the following exact sequence 

(5.8) 7ri(F)^7ri(Af)^7rr(/)^l. 

Here the orbifold fundamental group T^i '^{f) of the mapping / is the quotient of 
7ri(S") by the normal subgroup generated by the elements 5"^" for c G C(/), with 5c 
a simple loop going once around the point c. Note that this result is stated in [8] 
under the assumption that the curve S is proper, but the proof given there works 
for S non-proper as well. 

The exact sequence ( 15. 8 p yields, by passing to abelianizations, the following exact 
sequence 

(5.9) H^{F) ^ iJi(M) ^ H{'\f) ^ 0. 

We will denote by f°^'^ the epimorphism Hi{M) — * H°^^{f) in the exact sequence 
above. 

Coming back to the notation from subsection (3.1), we get the following presen- 
tation for the orbifold first homology group H°^^{f) of the mapping / 

(5.10) ifr'(/) = Z < 5i, 52g+k; 5c for c G C{f) > / < A, mA for c G C{f) > 
where A = (5i + ■ ■ ■ + 52g+k + J2c ^c- There is a natural surjective morphism 

(5.11) 9 : H",^\f) ^ H,iS) 

given by 5i ^— 5i for i = I, ...,2g + k and (5c for c G C(/). Here we use the 
presentation for Hi{S) given in the formula (13.11) . Comparing the exact sequence 
(15. 9p to the sequence (15. 3p . we get an isomorphism 

(5.12) ker(e) ~ T(/). 

When S is proper we have k = and the group ker(6') is spanned by the loops 5c for 
c G C{f), with the relations ■ 5c = and A = Xlc^c = 0. This yields the claim 
(i), since clearly A corresponds to the element (!,...,!). 

When S is not proper we have k > and the group ker(6') is spanned by A and 
the loops 5c for c G C{f), with the relations nic ■ 5c = and A = 0. The claim (ii) 
follows from this description. 

□ 
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Corollary 5.4. There is a non-canonical isomorphism 

Hr\f) ^ H,{S) X T(/). 

In particular, one has 

¥'"■''(/) ~ T(^) X f (/) 

where T{f) = Hom(T(/), C*) is the Pontrjagin dual of the finite group T{f) and 
T°^^{f) = Hom(if°''^(/), C*) is the corresponding orbifold character group of f . 

Example 5.5. (The computation of the group T(/) in Case B, the Seifert links) 

Let {X, 0) be a complex quasi- homogeneous normal surface singularities. Then 
the surface X* = X \ {0} is smooth and it has a C*-action with finite isotropy 
groups C*. These isotropy groups can be assumed to be trivial, except for those 
corresponding to finitely many orbits pi,...,ps in C{X) = X*/C*. We set kp = |C*| 
hi p e P = {pi, ...,Ps}- 

The quotient C{X) is a smooth projective curve. For any finite subset B in C{X) 
we get a surjective mapping f : M ^ S induced by the quotient map /o : X* — > 
C{X), where S = C{X) \ 5 and M = f-\S). 

In addition, the curve C{X) is rational iff the link L{X) of the singularity {X,0) 
is a Q-homology sphere (use Cor. (3.7) on p. 53 and Thm (4.21) on p. 66 in |13j). 
In particular, if the link L{X) of the singularity (X, 0) is a Z- homology sphere, then 
Hi{M) = 1? where q = \B\, and a basis is provided by small loops 7f, around the 
fiber Fj, = f^^{b) for 6 G -B, as explained in subsection 13.21 

One has f*{jb) = kb^b, with kb the order of the isotropy groups of points x such 
that f{x) = b, and 6b a small loop about 6 G P^. The set of critical values of the map 
/o : X* C{X) is exactly P, and each fiber Fp = /o~^(p) is smooth (isomorphic to 
C*), but of multiphcity kp > 1. Writing down the map /o* : Hi{X*) Hi{C{X)) 
and using its surjectivity, we get that the integers kp are pairwise coprime. 

Let (X, 0) be the germ of an isolated complex surface singularity, such that the 
corresponding link Lx is an integral homology sphere. Let (y, 0) be a curve sin- 
gularity on (X, 0). Then using the conic structure of analytic sets, we see that the 
local complement X \ y, with X and Y Milnor representatives of the singularities 
(X, 0) and (V, 0), respectively, has the same homotopy type as the link complement 
M = Lx \ Lyi where Ly denotes the link of Y . 

Moreover, if (X, 0) and (F, 0) are quasi-homogeneous singularities at the origin 
of some afiine space C^, with respect to the same weights, then the local comple- 
ment can be globalized, i.e., replaced by the smooth quasi-projective variety X \ F, 
where X and Y are this time affine varieties representing the germs (X, 0) and (F, 0) 
respectively. 

Using the analytic description of the Seifert link L = {T,{ki, /c„), 5*1 U ... U Sg) 
with kj > 1 and n > q > 2 given in [2U], p. 62 and the above notation, we see that 
the link complement M{L) = S(A;i, fc„)\(S'iU...US'q) has the homotopy type of the 
surface M obtained from the surface singularity X by deleting the orbits (regular for 
kj = 1 and singular for kj > 1) corresponding to the q knots Sj, j = 1, q. In other 
words we have a finite set 5 C with \B\ = q and a mapping f : M ^ S = F^\B. 
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Let = fci ■ ■ ■ kq, Nj = N/kj for 1 < j < g, A^' = kg+i ■ ■ ■ N'j = N'/kj for 
q + I < j < n. We can assume that for j > q one has kj = 1 iS j > q + s, with s a 
positive integer. The above theorem imphes in this case 

T(/) = Z/{N'Z) = ®g+i<,<nZ/kjZ. 

For another way of computing the group T(/) in some cases, we refer to |15j . 
Section 6. 

Definition 5.6. For a character p : T(/) C*, we define the support supp(p) of 
p to be the singular set S(jF) of the constructible sheaf = R^f^[Cp) for some 
representative p of p. 

In other words, a critical value c G C(/) is in supp(p) if for a small disc D^. centered 
at c, the restriction of the local system Cp to the associated tube T{Fc) = f~^{Dc) 
about the fiber Fc is non-trivial. Since two such representatives p differ by a local 
system in f*{T{S)), it follows from Lemma W7U that this support is correctly defined. 

Theorem 5.7. Let f : M ^ S be a surjective morphism, with connected generic 
fiber F , and let p : T(/) ^ C* be a character. Then the support supp(p) is empty if 
and only if the character p is trivial. 

Proof. If the character p is trivial, we can represent it by p = 1 and clearly in this 
case supp(p) = ^(Cs') = 0. 

Conversely, assume now that supp(p) = 0. It follows that for any special value 
c G C(/) and any small tube T{Fc) about the fiber F^, the restriction Cp\T{Fc) is 
trivial. We know in addition that Cp\F is trivial for any generic fiber F of /. 

Let as before /' : M' S' denote the maximal locally trivial fibration associated 
to /, and recall that S' = S\C{f). Let p' : Hi{M') C* be the composition of the 
character p : Hi{M) — > C* with the morphism Hi{M') Hi{M) induced by the 
inclusion M' M. Using the exact sequence (15. 2p . it follows that there is a unique 
character a' : Hi{S') C* such that p' = /'*(«')• 

Let c G C{f) be any bifurcation value for / and let 6c be the cycle in Hi{S') given 
by a small loop around c. Then, using the fact that /' is a locally trivial fibration 
with a connected fiber F, it follows that the cycle 6c G Hi{S') has a lifting to a cycle 
6c G Hi{M') such that fl{6c) = 6c and the support of 6c contained in the tube T{Fc). 
It follows that 

p'{6c) = 1 = a'{6c). 

As a result there is a unique character a : Hi{S) —>■ C*, such that a' is the composi- 
tion of a with the morphism Hi{S') —>■ Hi{S) induced by the inclusion S' S. 

Now we replace the representative p for p by the character pi = p ■ f*{a~^). It 
follows that the restriction of pi to Hi{M') is the trivial character. Using the Mayer- 
Vietoris sequence to express Hi{M) in terms of the covering M = M'U(Uc6C(/)^(-^c) 
we get that the character pi itself is trivial. This clearly implies that the character 
p is trivial. 

□ 
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The following result, based on Corollaries 14.71 [5^ and Theorem 15.71 clarifies the 
case of translated components. 

Corollary 5.8. Let f : M ^ S be a surjective morphism, with connected generic 
fiber F. 

(i) Ifx{S) < 0, then the irreducible components in Vi(M) associated to f form a sub- 
group in T(M), isomorphic to the orbifold character group T°^''{f). More precisely, 
they are given by /°''^(T°''^(/)), where the injective morphism f°^'^ : T°''^(^y) T(M) 
is the dual of the epimorphism f°^^. 

(a) If x{S) = 0, then the irreducible components in Vi(M) associated to f are given 
by f°^^0^"'^^{f)*) , where T°''''(^J)* is obtained from the orbifold character group T°^'''(^y) 
by deleting the identity connected component. 

The same proof as above yields the following result, to be compared with Theorem 

EH (iv). 

Corollary 5.9. Let f : M S be a surjective morphism, with connected generic 
fiber F, such that x{S) < 0. Then, for any character p : T(/) ^ C*, one has 

dimH\M,Cp^ f*C) > -x{S) + |supp(p)| 

for any local system L G T(S') and the above inequality is an equality for all except 
finitely many local systems C 

For the proofs of the following related two results we refer to [TB] . 

Proposition 5.10. For f : M S a surjective morphism, with connected generic 
fiber F, and for a non-trivial element p in the Pontrjagin dual T{f), one has a 
natural adjunction isomorphism 

where T = f^{Cp) and j : S \ S(jF) ^ S is the inclusion. In particular, the local 
system j^^J^ on S \ S(jF) is non trivial. 

Corollary 5.11. With the above notation, if S is a compact curve, then ^ 1. 

Example 5.12. (The deleted i?3-arrangement) We return to Example 13.81 and apply 
the above discussion to this test case. The corresponding mapping / : M — > C* has 
B = {0,00} and C{f) = {1}. Indeed, with obvious notation, we get the following 
divisors: Dq = Li + L4 + 2L5, D^o = + L3 + 2L7 and Di = Lq -\- 2L where 
L: x-\-y — l = Ois exactly the line from the i?3-arrangement that was deleted in 
order to get Suciu's arrangement. Moreover, the associated fibration /' : M' S' in 
this case is just the fibration of the i?3-arrangement discussed in [21j, Example 4.6. 

The line L is the only new component that has to be deleted, therefore m"(l) = 2. 
Since none of the fibers (in our case there is just one, for c = 1) is multiple. 
Theorem 15.31 implies that 

T(/) = Z/2Z. 

Let 7j = 7(Lj). We know that p(7i) = ±1 and to get the exact values we proceed as 
follows. First note that we can choose p(7i) = 1, since the associated torus is 

r (T(C*)) = {(t, t-\t-\ t, 1, r^, 1) 1 1 e C*}. 
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(In fact the choice p(7i) = — 1 produces the character p'^^ introduced in Example 
13.81 ) Next let a = J^i^n^ili ^ Hi{M). Then a G ker if and only if 

(5.13) «! + 0:4 + 20:5 = a2 + + 20:7. 

In our case, the morphism 6 : ker — > Z/2Z is given by a 1-^ 0:2 + 0:3 — ag It follows 
that 76 G ker/* and 6'(76) = 1 G Z/2Z. It follows that ^(75) = —1. 

Next 7i + 72 G ker /* and 6'(7i + 72) = 1 G Z/2Z. It follows that p(7i)p(72) = -1, 
i.e. p(72) = — 1. The reader can continue in this way and get the value of p = pw 
given above in Example 13.81 

Example 5.13. (A more general example: the arrangement) Let Am be the line 

arrangement in defined by the equation 

T T ('t™ — rr.m\( m _ m\( m _ m\ _ n 

This arrangement is obtained by deleting the line X3 = from the complex reflection 
arrangement associated to the full monomial group G{3, 1, m) and was studied in [9] 
and in [11]. The deleted Sa-arrangement studied above is obtained by taking m = 2. 
Consider the associated pencil 

(P, Q) = ~ ), ^2 — X^ )). 

Then the set B consists of two points, namely (0:1) and (1 : 0), and the set C is 
the singleton (1 : 1), see for instance [21], Example 4.6. It follows that m'(c) = 1, 
m"(c) = m and hence via Theorem 15.31 we get 



Using Corollary 15. 8[ we expect (m — 1) 1-dimensional components in Vi(M), and this 
is precisely what has been proved in p], or in Thm. 5.7 in [llj. There are r = 2 + 3m 
lines in the arrangement, and to describe these components we use the coordinates 

on the torus (C*)*" containing T(M). Here zj is associated to the line xj = 0, for 
j = 1,2, and Zij^k is associated to the line Xi — w^Xj, where i,j = 1,3, = 1, ...,m, 
and w = exp(27r\/^l/m). All the above 1-dimensional components have the same 
associated 1-dimensional subtorus 

T = /*(T(C*)) = {{u"',u-"',l, ...,l,u-\ ...,u-\u, ...,u) \ueC*} 

where / : M ^ C* is the morphism associated to the pencil (P, Q), and each element 
1, and u is repeated m times. Let 7c be an elementary loop about one line L in the 
fiber Cc, with multiplicity 1, e.g. L : xi — X2 = 0. Similarly, let 7{, be an elementary 
loop about one line L' in the fiber Cb, with multiplicity 1, where b = oo = (0 : 1), 
e.g. L' : X2 — x^ = 0. And let 70 be an elementary loop about one line Lq in the fiber 
Co, with multiphcity 1, where = (1 : 0), e.g. Lq : xi — X3 = 0. One can show easily 
that 

(i) the classes [7c] and [7^ -|- 70] in the group T(/) are independent of the choices 
made; 

(ii) [7c] = -[7fe + 7o] is a generator of T{f). 
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It follows that a torsion character p G T(M) such that Cp\F = Cp and inducing a 
nontrivial character p : T{f) — >■ C* is given by 

for k = l,...,m — 1. Here p([7c]) = and p is normalized by setting the last m 
components equal to 1. 

Example 5.14. (A non-linear arrangement) Consider again the pencil C : {P,Q) = 
{x^lx"^ — — x™)) associated above to the .Am-arrangement, for m > 2. 

We introduce the following new notation: C = {(0 : 1), (1 : 0), (1 : 1)}. Let i? C 
be a finite set such that \B\ = k > 2 and BCiC = 0. Consider the curve arrangement 
in obtained by taking the union of the 3m lines given by 

with the k fibers Ch for h & B. Let M be the corresponding complement and / : 
M — s> S" := P^ \ i? be the map induced by the pencil C. Then one has the following. 

(i) T(/) = ^ ffi ^ ffi Let Cj for j = 1, 2, 3 denote the canonical basis of T(/) as 
a -^-module. 

(ii) For a character p : T(/) ^ C*, let Wp = Cp ® f*{T{S)) be the associated 
component. Then dimPVp = k — 1 and for a local system C G PVp one has 

dim H\M,C) > k - 2 + e{p) 

where equality holds for all but finitely many C G Wp and 

e(p) = |{j |p(e,)7^1}|e{0,l,2,3}. 

Indeed, the set {j \ p{ej) 7^ 1} can be identified with the support supp(p) and the 
claim follows from Corollary 15.81 and Corollary 15. 9[ This shows that the various 
translates Wp of the subtorus W = Tw = /*(T(5')) have all the same dimension, 
but they are irreducible components of various characteristic varieties Vq{M), with 
q = q{f, p) = k — 2 + e(p) as in Corollary 14. 7[ a fact apparently not noticed before. 
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